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Continuous crystallizers can exhibit periodic cycles of supersaturation, production rate, suspension
concentration, crystal size and related quantities. These cycles are most pronounced at the beginning
of the crystallization process and depend on the value of kinetic parameters whether they are damped
during the run time. Apparently, the cycling behaviour of the crystallizing system depends on the
value of ratio of the nucleation and growth exponents n/g. The higher the value of this ratio, the
more pronounced is the instability of the system. Admixtures that have a significant effect on the
kinetic parameters can dramatically affect the dynamic behaviour of crystallizers so that the steady
state may not be established at all.
Key words: Crystallization; Crystallizer dynamics; Nucleation; Cycling behaviour; Crystal growth
rate; MSMPR crystallizer.

It has been stated that periodic changes of supersaturation, solid phase content, crystal
size and production rate of a continuous crystallizer can occur and extend over a con-
siderable time1–21. The explanation of this phenomenon is as follows: First, the super-
saturation rises and leads to the birth of a large number of nuclei. The surface area of
these nuclei is low at the beginning of crystallization and increases slowly so that sig-
nificant desupersaturation due to crystal growth starts with an appreciable time lag. The
drop of the supersaturation results in a decrease in the growth rate of present crystals
and in nucleation rate, so that due to a continuous withdrawal of the product, the num-
ber of crystals and their surface area decrease below their steady-state values. This, in
turn, will cause an increase of the supersaturation and thus of the nucleation rate, and
the result of such a sequence of events is then the occurrence of limit cycles. Evidently,
the values of kinetic parameters of crystallization must affect the dynamic behaviour of
the crystallizer and because they are strongly affected by certain admixtures22, the
presence of various impurities may accomplish the crystallization process even in such
a way. The establishment of the steady state may be very slow in some cases, and the
determination of kinetic parameters using a MSMPR (Mixed Suspension–Mixed Pro-
duct Removal) crystallizer23 may be sometimes almost impossible for this reason.
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Some of the papers cited above show that the stability limit is given by the value of
the nucleation exponent n = 21. This value is unusually high, however, and undamped
cycling has been found even with much lower values1. In addition, the growth rate
plays an important role here, too. The aim of this paper is to investigate the effect of
kinetic parameters of nucleation and of growth on the dynamic behaviour of the con-
tinuous MSMPR crystallizer using the solution of corresponding differential equations
by steps.

THEORETICAL

Let us consider a well-agitated crystallizer with a continuous feed of clear supersatu-
rated solution and with continuous removal of suspension identical with that in the bulk
(MSMPR crystallizer). The crystallizer contains a system consisting of such an amount
of solution or suspension that contains 1 kg of free solvent, i.e., the solvent that is not
formally attached to the crystallizing substance. The unit time interval applied in the
solution of the set of equations is 1 s.

The mathematical model is based on the calculation of the change in supersaturation
given by the equation

(∆wt − ∆wt−1)/∆t = s − kN∆wt−1
n  − kGAc∆wt−1

g (1)

showing that the supersaturation change within the unit time interval is given by the
supersaturation rate s and the decrease of supersaturation due to the nucleation and
growth of crystals.

The number of crystals born during the unit time interval at time t is

Nc(t)
∗  = 

kN∆wt
n

3αρcLN
3  ∆t (2)

with initial crystal size equal L(t) = LN = L0. Crystals already present in the solution
grow by the increment

∆Lt = 
kG β
3αρc

∆wt
g∆t (3)

so that the size of crystals in the i-th fraction is Li,t = Li,t–1 + ∆Lt with L0 = LN. Here Li,t

denotes the size of crystals born at time i and grown until time t.
A part of crystals in any fraction is withdrawn as the product so that for the i-th fraction
(for i = 1 to i = t),
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Nc,i = Nc,i
∗  (1 − ∆t /tl) (4)

holds, and the total number of crystals in a unit amount of suspension is then Nc,t = ∑ 
i=1

t

Nc,i

The average crystal size is

Lm,t = 

∑ 
i=0

t

Li,t Ni,t

∑ 
i=0

t

Ni,t

  . (5)

Surface area of crystals needed for the calculation of crystal growth is

Ac,t = βNc,t Lm,t
2   , (6)

and their mass is

mc,t = αρc Nc,t Lm,t
3   . (7)

The specific production rate of the crystallizer is given by the equation

Pt = mc,t /tl  . (8)

The whole cycle represented by the equations given above is then repeated for the next
time step: the time t is increased by 1 s and the new supersaturation, number of born
crystals, crystal size increment, mean crystal size and their mass and surface area as
well as the specific production rate are calculated using Eqs (1) to (8) again.

RESULTS AND DISCUSSION

Based on the equations shown in the theoretical part, a series of simulations has been
performed using various kinetic parameters of crystallization, kN, n, kG and g, corre-
sponding to kinetic equations for nucleation rate

B = kN ∆wn (9)
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and that for crystal growth rate

G = kG Ac∆wg  . (10)

Initial conditions correspond to the start with just saturated solution, i.e., for t = 0, ∆w0

= 0, Nc = 0 holds. The standard set of parameters was arbitrarily chosen to be close to
those of typical substances24

kG = 0.02 kg1−g kgfs
g  m−2 s−1

g = 1

kN = 0.01 kg1−n kgfs
n−1 s−1

n = 3

LN = 0.0001 m

s = 3.33 . 10−4 kg kgfs
−1 s−1 (11)

tl = 600 s

α = 1

β = 6

ρc = 2 000 kg m−3  .

Typical results of simultaneous using this set of constants are plotted in Fig. 1. As we
could expect, the maxima of the ∆w curve correspond to the minima of the L and the
maxima of the Nc curves and vice versa.

In order to show the effect of the kinetic parameters on the dynamics of the MSMPR
crystallizer, the kinetic constants have then been varied within the range of usual
values24: kN from 0.00001 to 100 kg1–n kgfs

n−1 s–1, n from 1 to 10, kG from 0.0002 to
0.5 kg1–g kgfs

g  m–2 s–1 and g from 1 to 2 with remaining parameters corresponding to the
standard set listed above.

The effect of the nucleation rate constant, kN, on the supersaturation, ∆w, is depicted
in Fig. 2. It can be seen from this figure that, for intensive nucleation (high kN values),
the crystallizer run is almost stable, at least after elapse of 6 to 10 retention times of
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solution (as the retention time tl = 600 s, the steady state is established after elapse
of 3 600–6 000 s). On decreasing the nucleation rate, the periodic cycling continues for
very long times. Very similar effect can be seen in Fig. 3 with the time plots of the
production rate P in dependence on the nucleation rate constants. It can be seen from
Fig. 3 that there is no steady state established for a very long period for low nucleation
rates so that no representative sample can be extracted for MSMPR evaluations in these
cases.

The values of the nucleation exponent, n, have been changed from 1 up to 10. The
low values correspond in most cases24 to secondary nucleation; most frequent values
are between 3 and 4 but a few substances posses high values of n close to 10. The
results are depicted in Fig. 4. It is apparent from this figure that the higher values of n,
the more pronounced is the cycling tendency of the system. With high values of the
exponent n, the specific production rate P (and, of course, also the suspension density
mc) periodically drop close to zero (see Fig. 4, curves 7 and 8).
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FIG. 2
Supersaturation plotted as a function of
time for various nucleation rates (values
of kN) in kg1–n kgfs
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FIG. 1
Plot of results of simulation for the standard
set of constants, Eqs (11): 1 L . 102 (m), 2
∆w (kg kgfs

−1), 3 Nc . 107 (kgfs
−1)
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The effect of the crystal growth rate G determined by the values of kG and g is
depicted in Figs 5 and 6. It can be seen from these figures that the decrease of the
growth rate constant kG increases the stability of the system but the sensitivity to this
parameter is not very high. On the contrary, increase of the value of the growth rate
exponent g significantly improves the tendency to quickly achieve the steady state. This
latter effect seems to be opposite in comparison with the effect of the nucleation expo-
nent n and, if we compare Fig. 7 (P–t plot for various values of n/g) with Fig. 4 (P–t
plot for corresponding values of n), we can make out that similar ratios n/g exhibit
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FIG. 4
Specific production rate P plotted
as a function of time for various
values of the nucleation exponent
(n = 1 to 8) and standard set of
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Specific production rate, P,
plotted as a function of time for
various nucleation rates. Numbers
of curves correspond to notation
in Fig. 2
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similar effect on the dynamics of the crystallizer: curve 1 in Fig. 7 shows a rapid
steadying and so does curve 2 in Fig. 4; curves 2 and 3 in Fig. 7 exhibit a similar
behaviour as curves 4 and 6 (or possibly 5) in Fig. 4, and curve 4 in Fig. 7 shows
undamped oscillations like curves 6 to 8 in Fig. 4.

One of our preceding papers25 dealt with the crystallization of potassium sulfate in
the presence of dichromate ions as an admixture. Whereas the metastable zone width
measurements and batch experiments could be done with admixture concentrations up
to 2 or 2.5 mass %, the MSMPR experiments could be performed with admixture con-
centrations up to 1% only; at admixture concentration 2%, the susepnsion concentration
varied dramatically as observed by naked eye, and the steady state could not be reached.
Kinetic data for simulations of the system mentioned are summarised in Table I.
The growth rate constant of pure K2SO4 was taken from the literature24 and that for
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The effect of the growth rate ex-
ponent g on the dynamics of the
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the dynamics of the system: 1 0.5,
2 0.1, 3 0.02, 4 0.002, 5 0.0002
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Dynamic behaviour of continuous
crystallization of K2SO4 without
and with admixture of Cr2O7

2−

ions. Numbers of curves corre-
spond to the notation in Table I

1.5

1.0

0.5

0.0
0                          5 000                       10 000                     15 000

t, s

P
 .

10
3 , 

kg
 k

g
 f

s 
s–1

–1

1

2

3

4

FIG. 7
Specific production rate P plotted
as a function of time for values of
the nucleation exponent n = 2 to 8
with g = 2, i.e., n/g = 1, 2, 3 and 4.
Numbers of curves correspond to
values of n/g

TABLE I
Kinetic data of K2SO4 crystallization in the presence of Cr2O7

2−  ions

No.
Cr2O7

2−

wt.%
kG

kg1–g kgfs
g  m–2 s–1 g

kN

kg1–n kgfs
n−1 s–1 n

1 0 0.13 2 1.26 . 1010 9.7 

2 1 0.13 2 2.08 . 109 9.62

3 1 0.08 2 2.08 . 109 9.62

4 2 0.13 2 8 . 106 12.4  
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solutions with admixture recalculated using published growth rate data25. Nucleation
constants were taken from the metastable zone width measurements25.

Results of simulation runs are depicted in Fig. 8. It can be seen from this figure that
the steady state with pure potassium sulfate as well as that with admixture concentra-
tion 1% is reached within the period of 6 times the retention time (tl = 600 s and the
dependences are stabilized after passage of 3 600 s), but the concentration of 2% of
Cr2O7

2− ions calls forth very intensive fluctuations so that steady state cannot be at-
tained.

CONCLUSIONS

Continuous crystallizers can exhibit periodic cycles of supersaturation, production rate,
suspension concentration, crystal size and related quantities. These cycles are most pro-
nounced at the beginning of the crystallization and depend on the value of kinetic para-
meters whether they are damped during the run. The rise of the nucleation rate
constant, kN, has a stabilising effect and the same holds for low nucleation exponent, n.
Decrease of the growth rate constant, kG, increases the stability of the system, and the
steadying effect rises with increasing the exponent of crystal growth, g. Apparently, the
cycling behaviour of the crystallizing system depends on the value of the ratio of the
nucleation and growth exponents n/g. The higher the value of this ratio, the more pro-
nounced is the instability of the system.

Admixtures that have a significant effect on the kinetic parameters can dramatically
affect the dynamic behaviour of continuous crystallizers so that the steady state may
not be established.

SYMBOLS

(kgfs denotes kg of free solvent, kg denotes kg of the solute.) The values are related to the volume
containing 1 kg of free solvent, unit time interval ∆t = 1 s.
Ac surface area of crystals, m2 kgfs

−1

B nucleation rate, kg kgfs−1 s–1

G crystal growth rate, kg kgfs−1 s–1

g growth exponent
kG growth rate constant, kg1–g kgfs

g  m–2 s–1

kN nucleation rate constant, kg1–n kgfs
n−1 s–1

L size of crystals, m
Lm average crystal size, m
LN initial crystal size, m
∆L size increment, m
mc mass of crystals, kg kgfs

−1

Nc number of crystals, kgfs−1

Nc,t
∗ total number of crystals at time t without product removal, kgfs−1

Nc,t total number of crystals at time t after product removal, kgfs
−1
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Nc,(t) number of crystals born during unit time interval at time t, kgfs
−1

n nucleation exponent
P specific production rate of crystallizer, kg kgfs

−1 s–1

s supersaturation rate, kg kgfs
−1 s–1

t time, s
tl mean retention time of solution in the crystallizer, s
∆t unit time interval (∆t = 1 s)
∆w supersaturation, kg kgfs

−1

α volume shape factor
β surface area shape factor
ρc crystal density, kg m–3

Subscripts
c solute, crystals
i i -th interval, i-th fraction of crystals born in time t = i
m average value
t at time t
(t) born at time t
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